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ABSTRACT

We realize a model-independent study of the so-called Tri-Bi-Maximal pattern of leptonic flavor
mixing. Different charged lepton mass matrix textures are studied. In particular, we are interested
in those textures with a minimum number of parameters and that are able to reproduce the current
experimental data on neutrino oscillation. The textures studied here form an equivalent class with two
texture zeros. We obtain a Tri-Bi-Maximal pattern deviation in terms of the charged leptons masses,
leading to a reactor angle and three CP violation phases non-zero. These lastest are one CP violation
phase Dirac-like and two phases Majorana-like. Also, we can test the phenomenological implications
of the numerical values obtained for the mixing angles and CP violation phases, on the neutrinoless
double beta decay, and in the present and upcoming experiments on long-base neutrino oscillation,

DOL 10.15415/jnp.2021.82021 H1¥

such as T2K, NOvA, and DUNE.

1. Introduction

Detecting neutrinos requires the use of very large and
precise devices, in addition to avoiding interference caused
by other natural phenomena. Therefore, experiments to
detect neutrinos must be installed deep within the Earth or
Sea [1, 2]. Some examples of experiments located in mines
are Homestake [3], Super-Kamiokande [4], and SNO
[5, 6], while the ANTARES experiment is located in the
depths of the Mediterranean Sea [7]. In the aforementioned
experiments, the quantum mechanical phenomenon of
neutrino oscillation can be detected. This phenomenon
consists in that the flavor of the neutrino (electron neutrino
v, , muon neutrino v, , and tau neutrino v_) changes as
it travels through space, therefore the flavor of the neutrino
that is emitted at the source is not necessarily the same as
detected in the experiment. Furthermore, to have this flavor
oscillation it is necessary that the neutrinos have a non-zero
mass [2].

In the theoretical framework of the Standard Model
(SM), which governs the dynamics of fundamental particles
and their interactions [8], there are three massless neutrinos,
which are treated as Dirac particles, and these neutrinos
have the flavors v, , v, and v_ [1, 2]. However, a well-
established fact is that from solar, atmospheric, and reactor
neutrino oscillation experiments, the neutrino changes

flavor as it travels due to its small mixing of mass and flavor
[9]. So, this is clear evidence for physics beyond SM.

One of the main characteristics of neutrinos is to
have a zero-electric charge, which is why, in the context of
Quantum Field Theory, these particles can be represented
as Dirac or Majorana particles. Thus, neutrinos apart
from being chameleonic as they change their flavor
while traveling from the source to the detector, also have
an identity problem. In other words, untl now, if the
existing experimental data are considered, the nature of the
neutrinos cannot be determined. However, in minimum
extensions of the SM, considering neutrinos as Majorana
particles explains very well the smallness of their mass [10].
The smallness in the neutrino mass scale is well explained by
the seesaw mechanism, which links it to a new physical scale
in nature [9].

The neutrino flavor mixing exhibits a very interesting
pattern, in which two mixing angles from a three-flavor
scenario appear to be maximum, while the third is still
very small. Different lepton flavor mixing schemes such as
Tri-Bi-Maximum (TBM) [11], Bi-maximum (BM) [12],
and democratic mixing (DC) [13] have been explored in
order to explain the experimental data on the neutrino
oscillations. The leptonic flavor mixing scenarios TBM,
BM, and DC have the same prediction for the reactor
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mixing angle, 6, =0[11-13], whereas Atmospheric
mixing angle is 6,, = 45" for BM and TBM scenarios, and
DC takes the value 6,, = 54.7" . The solar mixing angle is
maximum, 0, = 45" for BM and DC, whereas for TBM
scenario takes the value 6,, = 35.3". In 2011, the long-
baseline experiment T2K [14] observing the events of the
transition probability v, =V, reported the following
reactor angle values 5 < 6, < 16 for a Normal Hierarchy
(NH, m,,>m,, >m,), and 5.8 <6, <16.8 for an
Inverted Hierarchy (IH, m,, >m_  >m, ), in the mass
spectrum. However, the Daya Bay experiment presented
the first conclusive results to have a reactor angle different
to zero [15]. The mixing angle value 6,; at 90% C.L. is
sin”26,, = 0.092 £ 0.016(stat)+0.05(syst) . From the
previous results, it is evident that the BM, TBM, and DC

scenarios cannot be considered at their nominal value.
Therefore, they must be analyzed to determine possible
deviations from them.

In Table 1 we show the last results of a global fit of
neutrino oscillation data in the simplest three-neutrino
framework. From these values, one can easily conclude that
neutrino physics is in its precision stage with respect to its
fundamental parameter determination. However, the CPV
phase factors are in their first stage of predicting values,
since only for the phase Dirac-like there exists a value range
obtained from the global fit of neutrino data. But in the
case when the neutrino is a Majorana particle, the other
two CPV phases associated with the effective mass in the
neutrinoless double beta decay, do not have experimental
evidence for obtaining their values.

Table 1: Numerical values of the parameter related with neutrino oscillations, obtained on global fit [16]. Here, Aml.z. = mfi — mf, is the
difference of the squares of the neutrino masses, and is the Dirac-like CPV phase. The latter is the just phase associated with CPV involved in

the transition amplitudes of neutrino oscillations.

PARAMETER BFP + 16 26 range 36 range
Am;, :[107eV?] 7.50"0% 701 -793 694 —8.14
Am;, :[107eV?|(NH) 2.5610% 249262 246 — 2.65
Am, :[107eV?|(IH) 246+£0.03 240252  2.37-255
sin’6,, /10™" 3.18+£0.16 286352 271 —3.70
sin’6,, /10" (NH) 5.66"01¢ 505596 441 —6.09
sin’6,, /10" (IH) 566702 514 —597  4.46 — 6.09
sin’6,, /10 (NH) 2225700 2.081 —2.349  2.015 — 2417
sin’f,, /10~ (IH) 2.250"00% 2.107 — 2.373  2.039 — 2.441
Scp / T(NH) 1.20°0% 0.93—1.80  0.80 — 2.00
Ocp / T(IH) 1.5440.13 1.27 — 1.79 1.14 — 1.90

The goal of Long-baseline experiments is to obtain precise
measurements of neutrino oscillation parameters. In
particular, the T2K, DUNE, and NOVA experiments take
measurements of the transition amplitude between solar and
atmospheric neutrinos, v, — v,, to accurately determine
the numerical value of the CPV phase Dirac-like. In the
T2K experiment, the neutrino beam has a mean energy
of 0.6 GeV and a width of about 0.3 GeV, traveling from

the J-PARC accelerator to the Super-Kamiokande detector
which is 295 km away [16]. In the NOvVA experiment,
the neutrino beam travels a distance of 810 km, and has
an energy between 1 and 3 GeV, however, the maximum
signal is around 2 GeV [17]. In the DUNE experiment, the
neutrino beam is of high intensity with an average energy of
2.8 GeV, the particles travel a distance of 1300 km to the
detector [18].

ISSN No.: 2321-8649(Print) ISSN No.: 2321-9289(Online); Registration No. : CHAENG/2013/51628


https://doi.org/10.1016/S0370-2693%2802%2901336-9
https://doi.org/10.1016/0370-2693%2896%2900107-4
https://doi.org/10.1103/PhysRevLett.107.041801
https://doi.org/10.1103/PhysRevLett.108.171803
https://doi.org/10.1103/PhysRevD.93.051104

J.E. Barradas-Guevara et al., J. Nucl. Phys. Mat. Sci. Rad. A. Vol. 8, No. 2 (2021) p.163

The neutrinoless double beta decay, 0v3(3, is a second-
order nuclear reaction that has not yet been observed, but
it makes it possible to elucidate whether the neutrinos
are Dirac or Majorana particles, since only in the latter
case does this decay exist. For this decay, the physical
observable to be measured is the amplitude Tl(/); , which
is sensitive to the Majorana phases associated with CP
violation, and proportional to the effective Majorana mass,
<m€e> = |Ejmuerj , where the (Je] are elements of the PMNS
matrix [19].

In this work, an independent study of models is
proposed, in which the neutrinos mass terms are of

Majorana type. In particular, the neutrino mass matrix
form is fixed with the so-called TBM flavor pattern.
On the other hand, to establish the form of the charged
leptons mass matrix, an equivalence class whose elements
are matrices with two texture zeros is proposed. The
leptonic flavor mixing matrix, PMNS, is expressed in
terms of the charged leptons masses, which allow us to
obtain a deviation from the TBM standard pattern. In
addition, it predicts a range of values for the Charge-Parity
violation (CPV) phases and the effective Majorana mass in
the neutrinoless double beta decay.

C13C12

_ —P2 __ —i(éy3—d13)
C23SIZe S23C12S13e

i(dr2+é3) idr3
S23Slze - C23C12S136

where C,; =cos0); and S;; =sin6, . The symmetric andPDG

standard parameterizations are related to each other through
6 3
1

the U,p; = KUy, , where K = diag|1, elz, ez]with

/31 = _291512 , B, =-2 <¢12 + ¢23> Ocp = D3 — Py — Py
The mixing angles in terms of the matrix PMNS entries
have the following form [19, 20]:

>

—i(dy + 3 —di3)
C23C12 - S23S12S136
i623 ~i(¢1,~13)
_stclze - C23S12S13e C13C23

3. TBM Pattern of Matrix PMNS

The low energy neutrinos oscillations are described through

the Lagrangian density [9]

L= _%znﬂhwﬂ +%V;M,,VL —0,M,¢, +He. (1)
The first Lagrangian term represents charged currents, M,
is the neutrino mass matrix Majorana-like, and M, is the
charged lepton mass matrix Dirac-like. In general, M is a
symmetric matrix, while M, has no special characteristics,
both 3% 3 complex matrices. These matrices are diagonalized
by the following unit transformations:

M,=U; A, 0], andM, = 10T, @)

where A, = diag(m,,,m,,,m;) and A, = diag(me,mu,
m, ) The unit matrices ¥/, and U, are obtained by applying
the singular value decomposition theorem to the charged
leptons matrix M, . From (1) and (2), the charged current
term takes the form £, = £, 7" UpynsV, » where (, =U, [,
v, =U,v, and Upys = UJSU,/ is the lepton flavor mixing
matrix, known as the PMNS matrix that governs the neutrinos
and leptons couplings.

In symmetric parameterization, the PMNS matrix has
the form [19]:

—idy, —ify3
C13S126 S13e

C‘l:‘)‘SVZZ‘)e_i(‘DZz (3)

2

|(UPMNS )12|

sin2913 = |(UPMNS)13|2 s sin2912 = =5
7|<UPMNS )13|

, “)
|(UPMNS )23 |

1— |(UPMNS )13|2 '

These expressions are invariant before reparametrizations of
the matrix PMNS. The CPV phases @, @5 and é¢, have
the expressions:

. 2 _
sin“0,, =

Je (1 _‘(UPMNS )13‘)2

o
sin“Ogp, =

‘(UPMNS )11 ‘ ‘(UPMNS )12 ‘ ‘(UPMNS )13 ‘ ‘(UPMNS )23 ‘ ‘(UPMNS )33

s

[ (5)

2

sin(—2¢,,) =

*

where J ., = Im {(UPMNS )13 (UPMNS );3 (UPMNS )11 (UPMNS )21 }

is the Jarlskog invariant, associated with a CPV Dirac-
2 *2

like. Moreover, Il:]m{(UPMNS)12<UPMNS)]]} and

‘(UPMNS )11 ‘2 ‘(UPMNS )12

7> sin(-2¢,,)=

2

‘(UPMNS )” ‘2 ‘(UPMNS )13

2 * . .
1, =1Im {(UPMNS )13 (UPMNS )“ } are invariant related to

CPV phases Majorana-like [19].
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In order to obtain the TBM pattern in lepton flavor mix-
ing, we should take into account that charged lepton mass
matrix M, is diagonal. Moreover, solar, atmospheric

L
\/5 9

0, = % ,and 6, = 0 respectively. Further, these one pre-

and reactor mixing angles have the values sinf,, =

serve (CP) symmetry, whence phase factors in any param-
etrization must be null. Then, matrix PMNS has the form

[11]

©)

Unsins = Urpy =

G- -
1= 85 -

A
Jooo 3
In this scenario, neutrino mass matrix M, is expressed,
by considering (2) and (6), as:

bu al/ 76’1/
MU = au bl/ +d1/ bu +CV ’ (7)
7(’11/ bv + Cz/ bl/ + du

where ¢ = %(my2 —m,), b, = %(Zm”1 +m,,)

1 5
c, = E m,, —|—§m,/2 +§m”1 and d, = E(m”3 —mul).
0 a O
M)=|a, b, ¢ | M,
0 ¢ d,
0 aq
Mj = de c; M?
a, c, b,
where
mm
a/ _ e ez()[, ,
1-96,
b, =i, — i, +6,, 1D

with, d,=1=6,, fy=1-m, =6, [, :1+';’u — b5

6, =agfa} , o, =argfe ), =", and i, ="
m m_

The parameter §, must satisfy "the constraints

However, in concordance with current experimental data
of neutrino oscillations, TBM pattern is not realistic as the
reactor angle 6, and CPV phase §_,are non nulls.

Motivated by the need to deviate from the simplest form,
to first order, for the TBM pattern (6), and considering that
from a theoretical point of view, the PMNS lepton flavor
mixing matrix comes from the discordance between the
charged lepton mass matrix and neutrinos diagonalization,
we propose a generalized version of TBM pattern. For that,
neutrino mass matrix is given by (7), whereas to fix the charged
lepton mass matrix form we propose several equivalence classes.
These are different one and other by the texture zeros number
in their matrices. Particularly, one takes that the charged lepton
mass matrix is constructed through a Hermitian matrix, which
in terms of an equivalence class is expressed as

M, =UAU! (8)

where U =T/ Pf0, (i=0,---,6). Here, T, are the elements
of S5 real representation [19, 20]. P, is the diagonal matrix
of phase factors, which is obtained to write down M/, in a
polar form. Finally, O, is a real and orthogonal matrix. So,

matrix PMNS takes the form

UIi’MNS = U:T U, = OéTPﬁT:'Umm- 9)

We fix the form of MZ to can obtain the explicit form of
O, . Then, the explicit form to one equivalence class with
two texture zeros is:

a, ¢ d ¢ 0
0 0| M =|c, b, a
0 d, 0 a O
. . (10)
0 ¢ b, ¢, aq,
0 a| M) =|c, d, 0
a, b, a, 0 0

0<6, <l—m,and 6, =m,—m,. In this case, phase

matrix is P, = diag (1, e, e"(‘b“m‘)). The orthogonal
matrix O, takes the form

mu.f‘/] _ me.ﬂZ memu6/
Dl,’l D/2 D(,’}

\/me(l_éf)ﬁl \/’hu (1_6/)ﬁ2 \/61<1_6/>
Del D;jz D/,’} ’
[ms, 1, _me S JuSin
D(’l

(12)
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where D, = (1-6,)(, +m,)(1-m,),D,, =(1-5,)

(i, +7m, ) (1477, ), and D,y = (1=6,)(1+ 7, ) (1— 7, ) .

From the theoretical expressions of the PMNS matrices
in eq. (9), we obtain that the reactor, atmospheric, and
solar mixing angles only has three different forms for an
equivalent class. In particular, for M) and M;. we have

‘(UI(;MNS )13‘ = ‘(U;MNS )13‘ ‘(UgMNS )12‘ = ‘(U;MNS )12‘ » and
‘(Ugms )23 - ‘(U;MNS )23 :

4. Numerical Results

Our main goal is found a form of Mg that provides a reactor
angle deviation of null value, which is in TBM pattern, and
at the same time, provides a current numerical values for
solar and atmospheric angles. One numerical analysis is
done, in which is taken into account the following values of

charged lepton masses (GeV):
m, =0.5109998928 4+ 0.00000001 1,

m, =105.6583715+0.0000035,
m_=1776.82+£0.16.

(13)

0.030

(a)

0.025

0.020

13

0.015

sin%4

0.010

0.005

0.000
0.

02 04

Then, mass ratios are 77, ~107* and s, ~107.
Parameteris §, in the range (0,1—7, ), and must fulfill the
condition 6, =/, —m, . The phase factors ¢, and ¢, are
in the range [, 7| . Finally, supported on above statement
and beginning with (9), (12) and (4), first result obtained
is the theoretical expression of reactor mixing angle, which
more depends on ¢, that ¢,. Furthermore, the only mass
matrix in the equivalence class (10) by reproducing the
current experimental value of reactor angle are M| and M;.
In Figure 1 are shown the shape of the theoretical mixing
angles expressions. To obtain these plots, phase factors take
the numerical values ¢, = 0.9rad and ¢, =1.78rad,

On Figure 1(a), we conclude the BFP is obtained
for large values of 6, as 6, =0.9, whereas solar angle
can be reproduced with any value of §,, Figure 1(b). On
Figure 1(c), atmospheric angle, BFP is obtained
6, =0.06,0.98 (NH) and 6, =0.07, 0.99 (IH). Then, we
conclude that 6, =09, ¢, =0.9radand ¢, =1.78rad
reproduce the current experimental values of the three
lepton flavor mixing angles. Figure 2 show CPV phases
¢12’ ¢l3 and 5CP & 61?~

Transition probability in matter for solar and atmospheric
oscillations, v, — v, and U — 1, respectively, can be
described through the expresswns [19 20],

0.400

(b)

0.225

04 06 08 10

¢

02

04

¢

06 08 1.0

Figure 1: Respectively, the plots (a) and (b) show Sin2913 and Sin2912 ,and (c) sin’f,; respectto § , parameter. The red zone is the allowed
experimental parameter region in range BFP + 30 (NH and IH), with¢, =0.9 rad and ¢, =1.78 rad. The blue solid and dashed lines

correspond to M‘; and MZ, respectively.
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1.00

DN b
o8] (8 )
~
075 Py
~
06 DN
0.50 ~
~
0.4 ~ N
025 ~
- ~
02 < S
N [~ o
S 0.00 ~
< = ~
& o0 = S
k= -025 ~
®n ~
-02 . ~
M ~
\ -0.50 N
H ~
— 1l
04 [l A
i -0.75 A
' \
— L
0.6 y
-1.00
00 02 04 06 08 10 0.0 02 04 06 08 10
5e 62
1.00 = e
- - -

(e)

02 04 6[ 06 08 1.0

Figure 2: Plots () and (b) show sin (2¢12 ) and sin (2¢13) respectively, and (c) sin 5CP respect to O, . Green zone is the allowed experimental
parameter region in range BFP =30 (NH and IH), with ¢, = 0.9 rad and ¢, =1.78 rad. Blue solid and orange dashed lines correspond to

M) and M, respectively.

P(Vu_> )NPatm_’_])sol—i_z\/a Psol Sin A32+6 )’
—0,

(14)
P<17u_)ﬁe) atm+I)sol+2 atm sol COS 32 P)’
where
sin(A,, —al
JP, =cosb,,sin26, —— sinal A =sind,, sin26,, MAH,
aL 5 —aL 15)
. . sin(A,, +alL)
VB, =sinf,sin20, ———= A, .
Ay +al
A A - Amijz.L G N, where @, and @5 are given in (5). To analyze the effective
yand are expressed as A; = AE N s Lis mass <m > neutrino masses are expressed in terms of Am;,

the line length, £ is the neutrino beam energy, N is the
electron density and G|, is the Fermi constant. Parameter «
has the value ~ (35001(m>7l One can see in Figure 3 the
transition probabilities v, — v, and v, — 1, , for M) and
M Moreover, the phase factors take the numer1cal values
¢, =0.9rad and ¢, =1.78rad.

In the symmetric parametrization of PMNS (3),
Majorana effective mass in double beta decay without
neutrinos, 0343, has the form [19, 20]:

<mee> - |mu1C0529120052913 (16)
+m,,sen’0,,c0s’0 e " +m sen’6 e "

and the light neutrino mass in each hierarchy of neutrino
spectrum. Then,

m,, = \]Amzzl +m31 and m,, = VAmszl +m31 (NH), (17)

o 2 2
m,, = +JAm’, +m’, and

m,, = \/Amlz3 —l—Amzz1 + mf3 (TH).

(18)

Figure 4 show (m,)&m,,,, for M) and M}, fixing
¢, =09rad and ¢, =1.78rad.
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Figure 3: Transition probabilities P (1/” — l/y) and P <17” — IZ) for Inverted (IH) and Normal (NH) Hierarchies. Phase factors are fixing
on ¢, =0.9rad and ¢, =1.78 rad. Blue, orange and green lines correspond to MY, with E = 0.3, 2.0, 2.8 GeV respectively. Red, purple
and brown lines correspond to M?, for E=0.3, 2.0, 2.8 GeV respectively.

N

1072

==
s
b
©
©

g
e
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1074 1073 102 107!

Mylightest[e V ]

Figure 4: Majorana effective mass, <mee > Red (IH) and green
(NH) zones are obtained with the current experimental data of
neutrino oscillations in the range BFP + 30 . Orange solid and
dashed lines correspond to the prediction on Mi . Phase factors

are fixing to ¢, = 0.9 rad and ¢, =1.78rad.

Conclusion

In theoretical frame of an independent model study,
one considered that Majorana neutrino mass matrix is
represented through one matrix with a mixing TBM
pattern. In case of the charged lepton mass matrix,
we explored six mass matrices corresponding to one
equivalence class with two zeros. One obtained that just
M) and M;, reproduced the current numerical values
of mixing angles. Moreover, we obtain that the reactor,
atmospheric, and solar mixing angles just have three
different forms for an equivalent class. Furthermore,
one can obtained predictions for CPV phases like-Dirac
and Majorana as well. Likewise, phenomenological
implications were shown for the DUNE, T2K and NOvA
experiments. Finally, a numerical range values is provided
for the Majorana effective mass in the double beta decay
without neutrinos.
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